This paper provides a proof that the well-known quadratic Mincer (1974) Equation, wherein the log of wage or salary is a quadratic function of the years of experience, is inconsistent with the usual assumptions of utility maximization. The proof requires the use of the dynamic version of the Mincer Equation and the assumption of an isoelastic marginal utility function. The result is that a polynomial of degree three or greater is required to relate the log of wage or salary to the number of years of experience.
Introduction
The traditional Mincer [1] curve yields the convenient result that the log of wages or salary (henceforth wage) is a quadratic function of the years of experience. Murphy and Welch [2] , however, found that making the log of wages a second degree polynomial function of experience often provides only a weak explanation of the data. This has also been found, by the current authors, to be the case for professional salaries such as lawyers, doctors and CPAs. In particular the quadratic function tends to underestimate the log of wages early in the career and overestimate the log of wages in the mid to later years. Murphy and Welch find that replacing the second degree polynomial with a third degree or higher polynomial greatly improves the estimated relationship. There is little theoretical justification offered, however, for increasing the degree of the polynomial.
The famous Stone-Weierstrass [3] Theorem states that any continuous function can be approximated to any degree of accuracy by a polynomial function of finite degree. In economics, whenever an approximating function is needed, the second degree polynomial function is usually chosen. It is well known that increasing the degree of an approximating polynomial function will always improve predictions. But increasing the degree of the polynomial can also produce its own econometric problems, e.g. multicollinearity, as well as invoke the criticism that it turns the relationship being sought into an econometric "fishing trip". If the second degree polynomial is justified, theoretically, in the original Mincer model then what is the underlying justification for adding the third degree polynomial?
In this paper it is shown that there is a simple justification for why a third degree polynomial should be used to estimate the earnings Equation, at least for occupations where individuals can optimally choose the level of continuing education (CE). The underlying characteristic of CE for professional occupations is that individuals are rewarded for CE and are free to choose their optimal utility maximizing amount along their working life-cycle, subject to a required minimum level necessary to remain certified.
Literature Review
The Mincer model has been modified by others over the years to account for various changes in the assumptions, (Heckman, et al. , [4] and Lemieux, [5] ). While the Mincer model is inherently a dynamic model since it involves a life-cycle analysis, some variations are more dynamic than others. Ben-Porath [6] provides possibly the earliest dynamic model. His model uses familiar dynamic growth Equations to model the growth of human capital stock. Wages are then related to the accumulated human capital stock. Sheshinski [7] is the first to use optimal control to determine the level of education that maximizes income over the life-cycle. Haley [8] , again using optimal control, relates the amount of investment to the individual's earning potential based on human capital stock accumulation. Ryder, et al., [9] includes the choice of leisure in the dynamic model. Haley [10] , like Ben-Porath, formulates the problem as one with the embedded optimal formation of human capital stock and then estimates the parameters as a nonlinear regression problem. Leibowitz [11] shows that the "intensity of education", based on ability, can alter the shapes of the Mincer curves. All of the above extensions or modifications of the Mincer model result in direct or implied variations in the underlying relationship between earnings and years of experience. None, however, specifically shows that the quadratic estimation of the relationship between wages and experience is inconsistent with basic theory. This paper explains why a third degree polynomial, not the quadratic, is appropriate in estimating a modified Mincer curve.
The next section is used to derive the dynamic version of the Mincer model. In section four the Mincer model is modified by allowing the individual to choose the optimal level of CE. This is followed by the conclusion.
The Traditional Mincer Equation
The traditional Mincer Equation models the relationship between the log of wage in period t, ln(w t ), the years of formal schooling, s, the years of experience EXPER, and the years of experience squared, EXPER (2) Equation (2) implies that the wage in period t equals the wage in the previous period plus some return, r, on the investment in CE in the previous period, 1 t I  . It is important to note that the investment in CE is not just the explicit cost of taking additional courses in formal education. The additional, perhaps primary, cost for the types of professions under consideration is the opportunity cost of time whenever one chooses to give up immediate income-earning activities in order to make future efforts more productive. Some types of investment in the future are not easily measured, at least directly, but the opportunity cost of time is proportional to the current wage and, as such, it is an important part of the Mincer Equation.
The level of investment in continuing education in the previous period is assumed to be dependent on where the individual is located within his or her working life-cycle, t < T, where T is the retirement period and t is the current period and also the current years of experience. The level of investment at any time t is defined as a fraction of the share of current wage, f, devoted to continuing education. This fraction changes systematically along the working life-cycle and thus is a function of the amount of working experience, or
. In this paper it is convenient to refer to   f t as the "CE function". In the discrete case the fraction of wage in the previous period determines the level of investment in the previous period. This is written as the simple product: ( 1)
Substitution of Equation (3) into Equation (2) produces:
Alternatively as the intervals in time become short relative to the entire working period T, Equation (4) can be rewritten as a continuous time Equation:
Thus in this model the change in wages is totally dependent on investment in education. Certainly other things can be involved but the goal here is to focus only on the original Mincer assumptions. Equation (5) can also be written as: 
The growth rate in wages depends only on the fraction of current wages used for investment in education and the return on this investment.
Integration of (6) yields the following Equation:
functional form on   f t as it changes with experience over the working life-cycle. The assumption is that   f t is a negatively sloped linear function of time. The ion   funct f t is a large fraction of one's current wage at the beginning of the career, when t is low. This implies that when individuals are just beginning their careers they choose an investment in further education that is a significant portion of their current wage, knowing that they have until retirement, T, or   T t  years, to reap the benefits. Also their wages are lower in the early years and the fixed cost of CE might be a larger portion of the current wage. As time t increases, individuals logically choose to allow the fraction   f t to decrease since there is less time to reap the be ts. The CE function for the traditional Mincer Equation is:
where
, and s = the years e formal education (see of full-tim Appendix A for derivation). Thus f(t) is assumed to be linear with a negative slope so that d d 0 f t  and 
Optimal Amount of Continuing Education
gration over t yields the well-known quadratic relationship equivalent to that shown in Equation (1), or:
The traditional Mincer Equation imposes a decreasing
linear functional form on the CE function,   f t . This is reasonable as a first approximation, but an form of the function,   exact f t , should be derived from an optimization approach.
is case linearity is seldom the optimal solution.
As the a
In th bove literature review indicates, there are many variations in the optimal choice problem facing the professional. The most basic decision is that of holding onto one's wealth or investing it in further CE that can provide more income in the future. The individual's utility, U, at any time t is assumed to be a function of his or her wage at that time minus the investment in CE. The return from additional CE is enjoyed in a later period. Let 
Combining Equations (13) and (14) yields a relationship that holds for all utility functions (see Appendix B):
Equation (15) implies that the growth rate co of the disunted marginal utility of current wage is negative and equal to the negative of the return on further education.
Thus   p t decreases over the working life cycle but at a cons rate. The negative growth rate in the discounted marginal utility of   tant x t is negatively proportional to the return on the inv ent in future wages. A higher return on the investment in education, and thus future wages, decreases the growth rate in the discounted marginal utility of estm   x t . While others ha rm ve fo ed the above optimal control problem, it is essential to seek an explicit solution to the optimal CE function,   f t . In order to do this a specific utility function must ssumed. One familiar utility function used in dynamic models is the isoelastic (marginal) utility function: 
In Equation (17) (5) and (15) the following derivat s are obtained e of ive
The traditional Mincer Equa sumption that the first tiv quires a quadratic (second degr olynomial) function, not a linear function. But this implies that estimating the log of wage as a function of experience, i.e., the integral of the CE function, requires a third degree polynomial, not a second degree polynomial as in the traditional Mincer Equation. Thus whenever researchers report that the traditional Mincer curve fails to explain wages, it is not just expedient but theoretically consistent that they increase the polynomial from second degree to a third degree. Increasing the degree of a polynomial Equation used for estimation purposes will, of course, always improve its explanatory power. But there should be a justification for adding degrees to a polynomial. Whenever individuals can make their own optimal choice of CE, the log of wage should be explained by a third degree polynomial, not the quadratic.
It should be also noted that if there is a minimum CE requirement the concave f entually become concave from above in the later years of the working life-cycle. In this case the log of wages would be a 4 th degree polynomial function of the years of experience.
Conclus
hat the quadratic Min generally accepted view that there is a diminishing marginal utility of net income (after investment in continuing education). The proof depends on the assumption that individuals will choose their own optimal level of continuing education (CE) over their working life-cycle. This results in a functional relationship that has a negative second derivative in the continuing education function with respect to time. This, in turn, implies that if a polynomial function is used to estimate the earnings Equation it should be at least a third degree polynomial function of experience, not the traditional quadratic function. Our results provide a theoretical justification to the empirical findings of Murphy and Welch (1990) .
